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Abstract
Classical Ramsey numbers r= rt(G) ask for the smallest number r such that every t-coloring
of the edges of the complete graph Kr contains a monochromatic copy of a given graph G.
Weakened Ramsey numbers Rs; t(G) ask in every t-coloring of KR for a copy of G with at most
s colors, s< t. First results are given for s = t − 1. ? 1999 Elsevier Science B.V. All rights
reserved.
Keywords: Ramsey number; t-coloring
1. Introduction
The classical Ramsey number r = rt(G) asks for the smallest number r such that
every t-coloring of the edges of the complete graph Kr contains a monochromatic
copy of a given graph G. For G = Kn only three exact Ramsey numbers are known,
r2(K3) = 6; r2(K4) = 18, and r3(K3) = 17 (see [5]). If the question for monochromatic
copies of G is weakened the Ramsey-like numbers R=Rs; t(G) may ask for the minimum
R such that every t-coloring of the edges of KR contains a copy G with at most s
colors. These weakened Ramsey numbers Rs; t(G) seem to be less known. They occur
as special cases of a very general class of generalized Ramsey numbers discussed in
[2{4,6]. Only one exact value from [3] determines also a number Rs; t(G), that is,
R2;3(K4) = 10. Here we present some rst general results for complete graphs.
2. General results
If the values Rs; t(G) are gathered in row s and column t of a table (see Table 1)
then the rst row contains the classical numbers rt(G)=R1; t(G). It follows immediately
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Table 1
Rs; t ; jGj = n; jE(G)j = m
from the denition that for G with n vertices and m edges
Rs; t(G) = n for s6m or for s6t (1)
holds. Thus, we have to consider only s< t and s<m. The denitions also imply
monotonicity in rows, columns and parallel lines to the diagonal, that are,
Rs; t6Rs; t+1; Rs; t>Rs+1; t ; and Rs; t>Rs+1; t+1: (2)
In general, the existence of Rs; t(G) is guaranteed from
Rs; t(G)6R1; t(G) = rt(G):
In the following, we will discuss rst results for G = Kn.
Theorem 1. For j>1 and 16i6n=4 holds
R(n2)−i; t(Kn) = n+ j (3)
with
(n+j−1
2

<t + i<
(n+j
2

.
Proof. If all t colors are used for the edges of Kn+j−1 then the colors of at most i− 1
edges are used more than once. Thus, for the edges of every Kn in Kn+j−1 at least(n
2
− i + 1 colors are used and R>n+ j is proved.
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At most
(n+j
2
 − i colors in Kn+j guarantee at least i edges with colors which are
used twice. Then for n>4i there exists a Kn in Kj with at most
(n
2
− i colors so that
R6n+ j follows.
From Theorem 1 all nontrivial values of Rs; t(Kn) are determined for the last n=4
rows. In the following we will discuss the values on the rst parallel to the diagonal
for row numbers at least n− 1. Here R= Rt−1; t(Kn) determines the smallest KR such
that no t-coloring of the edges of KR exists in which every Kn uses all t colors.
Theorem 2. It holds
Rt−1; t(Kn)6p for t >
p(p− 1)
bp=n− 1c(2p− (1 + bp=n− 1c)(n− 1)) : (4)
Proof. We assume that a t-coloring of Kp exists so that every Kn uses all t colors.
For at least one color there are at most b 1t
(p
2
c edges, that is, at least (p2 − b 1t (p2c
edges are colored with the remaining t − 1 colors. By a result of Turan a graph with
p vertices can have at most ((n− 2)(p2− r2)=2(n− 1))+ (r2 edges if no subgraph Kn
occurs and with p  r (mod n− 1), 06r <n− 1. Thus, in contradiction, a Kn with at
most t − 1 colors is guaranteed if
p
2

−

1
t

p
2

>
(n− 2)(p2 − r2)
2(n− 1) +

r
2

: (5)
This inequality is fullled if
t >
p(p− 1)(n− 1)
(p− r)(p+ r − n+ 1)
as asserted in Theorem 2. For increasing values of p the bound for t cannot be smaller
than n.
Theorem 3. If p= 2n− 1 and p62n− 3 then
Rt−1; t(Kn)>p for t6
(p− 1)(p− 2)
2(p− n) : (6)
Proof. It is sucient to construct a t-coloring of the edges of Kp−1 such that every Kn
in this Kp−1 uses all t colors. If at least p − n disjunct edges are contained in every
color class then at most p−1− (p−n)=n−1 vertices can be chosen in Kp−1 without
determining an edge of that color. As a necessary condition we have
(p−1
2

>(p− n)t,
that is, the condition in (6).
For an appropriate t-coloring of Kp−1 we may use a regular (p− 1)-gon for even p
and a regular (p− 2)-gon together with an extra point for odd p. If p= 2n− 1 then
all parallel edges, and for odd p in addition the edge between the extra point and the
free point of the regular (p − 2)-gon, are colored the same. For p< 2n − 1 we start
from one side of the (p− 1)-gon, respectively (p− 2)-gon, and color successively the
parallel lines. If x parallel lines remain for a color then they block the last x+1 edges
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of the parallel class determined by the following side of the regular polygon. Then this
coloring guarantees p−n disjunct edges if p−n− x+(x+1)=(p−2)=2, respectively
6(p− 1)=2, that is, for p62n− 3.
As consequences of Theorems 2 and 3 we obtain the following corollaries:
Corollary 1. If t = 2n− 3 or t = 2n− 4 for n>4 then
Rt−1; t(Kn) = 2n− 1: (7)
Corollary 2. If t = 2n− 2 and j>3 then
R2n−3;2n−2(Kn) = 2n− j (8)
for all n with
j + 1
2

− j + 1<n6

j + 2
2

− j: (9)
Corollary 3. If n− 16p62n− 3 then
Rt−1; t(Kn) = p (10)
for all t with
p(p− 1)
2(p− n+ 1)<t6
(p− 1)(p− 2)
2(p− n) : (11)
For s>2n− 5 all values Rs;s+1(Kn), that is, on the rst parallel to the rst diagonal,
are determined. These values are decreasing with s and from s= 2n− 4 to s= 2n− 3
there occurs a gap which is increasing with n.
For s= 32n− 3 and s= n− 1 we obtain two further values parallel to the diagonal.
Theorem 4. For n  0 (mod 2) holds
R(3n=2)−3; (3n=2)−2(Kn) = 3n− 2: (12)
Proof. Theorem 2 implies R63n− 2. For n=2a+2 we have to describe a (3a+1)-
coloring of the edges of K6a+3 such that every subgraph K2a+2 uses all 3a+ 1 colors.
By \Kirkman’s school girl problem" (see [1]) it is possible to partition the edges of
K6a+3 into 3a+ 1 sets of 2a+ 1 disjunct triangles. If we use one of the 3a+ 1 colors
for each of these 3a+1 sets then every K2a+2 contains at least one edge of one triangle
of every color class as desired.
Theorem 5. If an ane plane of order n− 1 exists then
Rn−1; n(Kn) = (n− 1)2 + 1: (13)
Proof. Theorem 2 implies the upper bound. An ane plane of order n − 1 consists
of (n − 1)2 points on n − 1 parallel lines of n − 1 points each (see [6]). There are n
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parallel classes of lines. We use one of the n colors for all edges between the points
of every line of one parallel class. Then any n points determine at least one edge of
every parallel class, that is, of every color.
3. Remarks
So far we have determined weakened Ramsey numbers Rs; t(Kn) on the rst parallel
to the diagonal, that is, for s = t − 1, in cases s>n − 1. The upper bounds for these
values follow from Turan’s Theorem. Some further exact values may be determined if
the existence of special block designs is used.
Some additional values are known to us, for example, as in Table 2 where R2;3(K4)=
10 rst was proved in [3]. For the neighbored number R2;4(K4) we only were able to
Table 2
Rs; t(K4)
Fig. 1. Four-coloring of K10 where every K4 has at least three colors.
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nd the lower bound R2;4(K4)>11 which follows from the four-coloring of K10 in
Fig. 1.
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